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ABSTRACT
The cosmic distance ladder is the succession of techniques by which it is possible
to determine distances to astronomical objects. Here, we present a new method to
build the cosmic distance ladder, going from local astrophysical measurements to the
CMB. Instead of relying on cosmography in order to model the luminosity-distance
relation and calibrate supernovae with BAO, we exploit the distance-duality relation
dL = (1 + z)2dA—valid if photon number is conserved and gravity is described by a
metric theory. The advantage is that the results will not depend on the parametriza-
tion of the luminosity-distance relation: no model is adopted in order to calibrate
BAO with supernovae. This method yields measurements of the Hubble constant and
deceleration parameter that only use local observations. Furthermore, it can directly
assess the impact of BAO observations on the strong 4–5σ tension between local and
global H0. Using the latest supernova, BAO and CMB observations, we found a consis-
tently low value of q0 and strong inconsistency between angular and anisotropic BAO
measurements, which are, or not, in agreement with CMB depending on the kind of
analysis. We conclude that, in order to understand the reasons behind the H0 crisis,
a first step should be clarifying the tension between angular and anisotropic BAO as
this will help understanding if new physics is required at the pre-recombination epoch
or/and during the dark energy era.
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1 INTRODUCTION
The cosmic distance ladder is the succession of techniques
by which it is possible to determine distances to astronom-
ical objects. No single method can measure distances at all
ranges encountered in astronomy and each technique, or
rung of the ladder, provides information that can be used
to determine the distances at the next higher rung. The
cosmic distance ladder provides a model-independent way
to constraint the Hubble constant at local scales. The lat-
est and most accurate measurement is H0 = 74.03 ± 1.42
km s−1 Mpc−1 (Riess et al. 2019) which is at 4.4σ ten-
sion with the cosmological constraint H0 = 67.36 ± 0.54
km s−1 Mpc−1 from the CMB analysis by the Planck col-
laboration (Aghanim et al. 2018). The tension reaches the
4.8σ if one adopts the determination H0 = 75.84 ± 1.69
km s−1 Mpc−1 by Camarena & Marra (2019) that only
assumes large-scale homogeneity and isotropy. Because the
CMB analysis is based on the flat ΛCDMmodel, this tension
could point towards the existence of new physics beyond the
standard model. Indeed, measurements using other methods
or calibrations confirm this tension and it is difficult that
a single systematic effect could explain it away. See Verde
et al. (2019) for a detailed review of the present status and
observational effort to determine H0.
Here, we will discuss how the cosmic distance ladder can
be extended from our galaxy to the CMB. This allows one to
use it as an “inverse distance ladder”, that is, to calibrate the
supernovae via CMB and BAO instead of Cepheids and geo-
metrical distances (Cuesta et al. 2015; Aubourg et al. 2015;
Verde et al. 2017; Lemos et al. 2018; Feeney et al. 2018b;
Macaulay et al. 2019; Tutusaus et al. 2019). Although this
method allows one to avoid possible unknown systematics,
most of the approaches requires a fiducial model to convert
redshifts into distances (Cuesta et al. 2015; Aubourg et al.
2015; Verde et al. 2017; Lemos et al. 2018). A few cases
have been built using a cosmographic expansion (Feeney et
al. 2018b; Macaulay et al. 2019), which could be problem-
atic at 0 . z . 2 (Zhang et al. 2017). Most importantly, the
standard approach cannot provide a truly local value of H0
as supernovae beyond z = 0.15 are used. In other words, the
cosmographic method forces correlation between H0 and the
shape of the luminosity-distance relation at 0 . z . 2.
In order to overcome this issue, we propose a new
method to extend the cosmic distance ladder. Instead of
using a cosmographic model to calibrate supernovae and
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BAO we will exploit the distance-duality relation dL =
(1 + z)2dA—valid if photon number is conserved and grav-
ity is described by a metric theory. The potential bias of
the cosmographic method is absent in the calibration that
we propose here. Also, this method can identify in a direct
way the role that BAO measurements play on the Hubble
tension.
This paper is organized as follows. In Section 2 we de-
scribe the cosmic distance ladder, going from local astro-
physical probes to the CMB. In Section 3 we present our
new method to calibrate supernovae with BAO and in Sec-
tion 4 we will build three different distance ladders: one that
uses only supernova and BAO data, one the uses supernova,
BAO and CMB data (the inverse distance ladder) and one
that uses supernova, BAO and local astrophysical data (the
extended distance ladder). Then, we will present our results
in Section 5, which we compare with previous distance lad-
ders in Section 6. The conclusions of Section 7 are followed
by the three Appendixes A-C.
2 THE COSMIC DISTANCE LADDER
The cosmic distance ladder is the succession of techniques
by which it is possible to determine distances to astronomi-
cal objects. Indeed, no single method can measure distances
at all ranges encountered in astronomy but rather is limited
to a specific range. Each technique, or rung of the ladder,
provides information that can be used to determine the dis-
tances at the next higher rung. In this Section, we will re-
view how the cosmic distance ladder is extended from our
galaxy to the CMB. The diagram of Figure 1 summarizes
the method developed in this work.
2.1 Local astrophysical probes (z . 0.01)
The first rung of the ladder is meant to calibrate super-
novae Ia (SNe) in nearby galaxies starting from direct dis-
tance measurements via parallax. The chain of intermediate
calibrations is complex, involving astrophysical correlations
and observables. See Riess et al. (2016) for details.
In Camarena & Marra (2019) we presented a method
to compress the first rungs of the ladder (see Figure 1) into
an effective calibration prior on the absolute magnitudeMB
of supernovae Ia. The calibration prior on MB relative to
Riess et al. (2019) is:
MB = −19.2191± 0.0405 . (1)
It is important to stress that this “astro-prior” is cosmol-
ogy independent. Also, the use of the astro-prior avoids the
double counting of low-redshift supernovae that happens in
analyses that use the local H0 determination by Riess et al.
(2019). Indeed, in the standard analysis, low-z supernovae
are used twice: once for theH0 determination and once when
constraining the cosmological parameters. The advantage of
adopting the calibration prior is that supernovae are used
only once.
2.2 Supernovae Ia (0.01 < z < 2.3)
Type Ia supernovae are standardizable candles. After the
standardization procedure, the supernova absolute magni-
tude MB , although unknown, is expected to remain con-
stant in redshift (Scolnic et al. 2018), and this allows us to
use supernovae to connect observables at low (z ∼ 0.01) and
high (z ∼ 2) redshifts.
In particular, as far as the cosmic distance ladder is
concerned, supernovae can be used in two complementary
ways:
(i) to transport the astro-prior to the redshift of BAO ob-
servations (see below) and so obtain a calibration of the
sound horizon at drag epoch rd,
(ii) to calibrate MB with BAO via a CMB prior on rd and
transport it to low redshift.
For a supernova at redshift z, the apparent magnitude
mB is given by:
mB = 5 log10
[
dL(z)
1Mpc
]
+ 25 +MB , (2)
where dL(z) is the luminosity distance andMB the absolute
magnitude. Here, we use the Pantheon catalog, which fea-
tures 1048 Supernovae Ia in the redshift range 0.01 ≤ z ≤
2.3 (Scolnic et al. 2018).
We will not consider supernovae at z < 0.023 as at these
small scales the local structure significantly perturbs the
FLRW metric (Camarena & Marra 2018; Marra et al. 2013).
We will split the remaining supernovae into two groups, see
Figure 1:
(1) SNe-1: supernovae in the range 0.023 ≤ z ≤ 0.15,
which will be used to determine local H0, see below.
The superscript ∗ denotes SNe-1 data: observed redshift
z∗i , observed apparent magnitude m∗B,i and covariance
matrix Σ∗ (including systematics).
(1) SNe-2: supernovae with z > 0.15, which will be used to
connect with BAO and extend the ladder. SNe-2 data
is denoted by quantities without the superscript ∗.
Although we split SNe in two groups, our analysis considers
correlations between SNe-1 and SNe-2. The opposite case
and its implications are discussed in Appendix C.
2.2.1 Determination of local H0
Any calibration of MB , from CMB or astrophysical probes,
directly yields a measurement of the local Hubble constant.
The determination of H0 is achieved by fitting a model-
independent cosmographic expansion to local supernovae
(SNe-1), that is, supernovae in the range 0.023 ≤ z ≤ 0.15
(Riess et al. 2016), where the minimum redshift is large
enough in order to reduce cosmic variance (Camarena &
Marra 2018; Marra et al. 2013; Macpherson et al. 2018,
an references therein) and the maximum redshift is small
enough in order to reduce the dependence on cosmology and
classify the measurement as “local.” The theoretical appar-
ent magnitude is given via the cosmographic approximation:
mcgB = 5 log10
[
czH−10
1 Mpc f(z, q0)
]
+ 25 +MB , (3)
f(z, q0) = 1 +
1− q0
2 z +O(z
2) ,
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Figure 1. Flowchart of our new method to build the cosmic distance ladder. The analysis starts with choosing a prior or anchor (dashed
line), which is then propagated via supernovae and BAO distances to its opposite side. This leads to constraints on H0 or rd. It is
also possible to use BAO and supernovae to constrain rdh without any prior information. Supernovae are calibrated with BAO via the
distance-duality relation in a model-independent way.
where q0 is the current value of the deceleration parameter
and second-order terms have been neglected.1 The Hubble
constant is then obtained via Bayesian inference:
f(H0, q0,MB |SNe-1) = f(H0)f(q0)f(MB)LE , (4)
f(H0|SNe-1) =
∫
dMBdq0f(H0, q0,MB |SNe-1) , (5)
where the likelihood is given by:
L(SNe-1|H0, q0,MB) = |2piΣ∗|−1/2e− 12χ
2
SNe-1(H0,q0,MB) , (6)
χ2SNe-1 = {m∗B,i −mcgB (z∗i )}Σ∗−1ij {m∗B,j −mcgB (z∗j )} . (7)
In equation (4) f(MB) is the calibration of MB and f(H0)
is a flat uninformative prior. Regarding f(q0), two choices
have been adopted so far:
f(q0) = δ(q0 + 0.55) Riess et al. (2019), (8)
f(q0) = constant Camarena & Marra (2019). (9)
The latter approach has the advantage that it delivers a
determination of H0 that only assumes the FLRW metric as
it does not fix q0 to the standard-model value of −0.55.
1 As for SNe-1 it is z < 0.15, the weighted error from neglecting
the second-order correction is only 0.23% (see Camarena & Marra
2019, figure 1). For a more detailed discussion, see Appendix A.
Adopting the prior of equation (1), one obtains the val-
ues given in Riess et al. (2019) and Camarena & Marra
(2019), respectively:
HR190 = 74.03± 1.42 km s−1Mpc−1 , (10)
HCM0 = 75.84± 1.69 km s−1Mpc−1 . (11)
2.3 Baryon acoustic oscillations
The detection of baryon acoustic oscillations yields the pri-
mordial sound horizon rd at the redshift of the galaxy sample
used for the analysis. This makes BAO a standard ruler.
BAO measurements have a potential higher accuracy as
compared to supernovae. First, they involve almost-linear
well-understood physics as opposed to the complicated as-
trophysical processes that lead to supernovae’ explosions.
Second, the determination of rd is calibrated, although de-
generate with cosmological quantities such as the angu-
lar distance dA and the Hubble rate H(z), see equations
(12, 13). The supernovae’ magnitude MB has instead to be
calibrated with external data. Finally, future galaxy cata-
logs will increase dramatically the quality of BAO measure-
ments (Marra et al. 2019).
Usually, BAO measurements are used together with
CMB data. Indeed, the latter tightly constrain rd so that the
degeneracies between rd and dA, H are broken. BAO deter-
MNRAS 000, 1–13 (20XX)
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Catalog zbao α⊥(z) σα Reference
BOSS-DR12 0.38 0.993 0.0146 Alam et al. (2017)
0.61 0.990 0.0138
Table 1. Anisotropic BAO data. The correlation between the two
determinations is 0.2.
minations can then constraints the cosmological parameters
that enter dA and H.
Here, instead, we use BAO measurements to connect
supernovae to CMB observations. As we discuss below, we
calibrate the angular distance from BAO with the luminosity
distance from supernovae in a cosmology-independent way.
In this way one can propagate the CMB constraint on rd
into a constraint on MB (inverse ladder) or propagate the
astro-prior onMB into a constraint on rd (extended ladder),
see Figure 1.
In order to obtain the angular diameter distance from
BAO we will use the results of anisotropic (Alam et al. 2017)
and angular (Carvalho et al. 2016; Alcaniz et al. 2017; Car-
valho et al. 2017) BAO analyses. These measurements will
not be used together as they were obtained from the same
BOSS galaxy catalog.
2.3.1 Anisotropic BAO
Anisotropic BAO analyses determine the BAO feature both
along the line-of-sight and transverse directions. Here, we
use the consensus results from the final BOSS-DR12 sam-
ple (Alam et al. 2017), which comprises 1.2 million massive
galaxies over an effective volume of 18.7 Gpc3. The analysis
by Alam et al. (2017) adopts a fiducial model (a flat ΛCDM
model with Ωm = 0.31, h = 0.676, Ωbh2 = 0.022, σ8 = 0.8
and ns = 0.97) to convert redshifts into distances. However,
the final result is not biased because deviations from this
fiducial model are allowed in the final fit.2 To this end, in-
stead of fitting the BAO peak position, the analysis provides
a measurement of the dilation parameters α⊥ and α‖, which
are defined according to:
α⊥ ≡ dA(z)
rd
rfidd
dA(z)fid
α‖ ≡ H(z)
H(z)fid
rd
rfidd
. (12)
The dilation parameters quantify how much the BAO peak
can shift from the peak in the fiducial model (see Alam et al.
2017, and references therein).
Alam et al. (2017) reports distance measurements at
three effective redshifts: 0.38, 0.51 and 0.61. However, in
order to avoid overlapping redshift bins and simplify the
supernova binning discussed in section 3, we only consider
the determinations at 0.38 and 0.61. Finally, as we need
the angular distance, we only consider the perpendicular
dilation parameter α⊥. The data is shown in Table 1.
2.3.2 Angular BAO
It is possible to measure the angular BAO scale in a
model-independent way if thin-enough redshift bins are
2 This is valid if the adopted model is “close” enough to the
trial model. See Anselmi et al. (2016); Marra & Isidro (2019) for
alternative analyses.
Catalog zbao θ(z) σθ Reference
BOSS-DR7 0.235 9.06 0.23 Alcaniz et al. (2017)
BOSS-DR7 0.365 6.33 0.22 Alcaniz et al. (2017)
BOSS-DR10 0.450 4.77 0.17 Carvalho et al. (2016)
BOSS-DR10 0.470 5.02 0.25 Carvalho et al. (2016)
BOSS-DR10 0.490 4.99 0.21 Carvalho et al. (2016)
BOSS-DR10 0.510 4.81 0.17 Carvalho et al. (2016)
BOSS-DR10 0.530 4.29 0.30 Carvalho et al. (2016)
BOSS-DR10 0.550 4.25 0.25 Carvalho et al. (2016)
BOSS-DR11 0.570 4.59 0.36 Carvalho et al. (2017)
BOSS-DR11 0.590 4.39 0.33 Carvalho et al. (2017)
BOSS-DR11 0.610 3.85 0.31 Carvalho et al. (2017)
BOSS-DR11 0.630 3.90 0.43 Carvalho et al. (2017)
BOSS-DR11 0.650 3.55 0.16 Carvalho et al. (2017)
Table 2. Angular BAO data.
used (Sanchez et al. 2011). In this case the measurements
constrain the combination:
θ(z) = rd
dA(z)(1 + z)
(
180◦
pi
)
. (13)
The data is presented in table 2.
2.4 Cosmic microwave background
The CMB tightly constrains the sound horizon at the drag
epoch and is used to anchor the inverse distance ladder.
Here, we adopt the constraint from the TT, TE, EE + lowE
+ lensing Planck 2018 analysis (Aghanim et al. 2018):
rd = 147.09± 0.26 Mpc . (14)
2.5 Other probes
Additional observations may be used to improve the accu-
racy of the cosmic distance ladder. For example, one may
use luminosity distance determinations from standard sirens
in order to calibrate supernovae and/or BAO (Gupta et al.
2019). The effect of these extra probes is to reduce statistical
errors and biases due to systematics.
3 NEW METHOD TO CALIBRATE TYPE IA
SUPERNOVAE WITH BAO
Here, we propose a new method to calibrate supernovae with
BAO. The idea is to exploit the distance-duality relation
dL = (1 + z)2dA – valid if photon number is conserved and
gravity is described by a metric theory – without having
to use a cosmological or cosmographic model. To achieve
the latter we will bin the supernovae SNe-2 at the effective
redshift zbao of the BAO observations, so that luminosity
and angular distances can be directly compared.
In the standard inverse ladder approach a cosmographic
model is used to obtain the luminosity distance, which is
fitted to the full supernova dataset spanning 0 . z . 2. In
other words, the value of dL(zbao) depends on the global fit
of a parametrized luminosity distance to all the supernovae,
and this remains true even if one marginalizes over the model
parameters. This potential bias is absent in the calibration
that we present here.
The method presented in the next sections works for
MNRAS 000, 1–13 (20XX)
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a supernova catalog like the Pantheon (Scolnic et al. 2018)
whose covariance matrix does not dependent on nuisance
parameters, and it should be generalized if one wishes to
use a catalog like JLA (Betoule et al. 2014).
3.1 Weighted average
A supernova catalog like Pantheon provides observed red-
shifts and apparent magnitudes {zi,mBi} together with the
covariance matrix Cij (including systematic and statisti-
cal errors), where i, j = {1, . . . , N}. In order to produce
a binned catalog with n bins we have to transform the N
data points of the full catalog into the new points {za,mBa},
where a = {1, . . . , n}. The binning process has to be such
that {za,mBa} are a good representation of {zi,mBi} in the
a-th bin. In a statistical language, the point xa (here x rep-
resents z or mB) minimizes the function (Schmelling 1995):
χ2a =
na∑
ij
{xai − xa} (Caij)−1
{
xaj − xa
}
, (15)
where na is the number of supernovae in the a-th bin and
the superscript a indicates that the quantity belongs to the
a-th bin [zal , zar ]. Thus, it can be demonstrated that:
za =
na∑
i,j=1
(Caij)−1zai
na∑
i,j=1
(Caij)−1
mBa =
na∑
i,j=1
(Caij)−1maBi
na∑
i,j=1
(Caij)−1
. (16)
While we will bin only SNe-2, formally the results above are
valid also for SNe-1: for supernovae that are not binned it
is na = 1, za = za1 and mBa = maB1. In this way one has
N =
∑
a
na.
3.2 Binned covariance matrix
In order to conclude the supernova binning we need to com-
pute the corresponding binned covariance matrix Cab with
a, b = {1, . . . , n}. In order not to neglect correlations it is
important to consider all the catalog (N =
∑
a
na), that is,
to bin the full covariance matrix Cij .
Now, it is clear that the quantities {za,mBa} are a
linear transformation of {zi,mBi}. Therefore, to find the
binned covariance matrix Cab, we can use first-order uncer-
tainty propagation, which is exact in this linear case. We
define then the Jacobian:
Jai =
∂za
∂zi
=

na∑
j=1
(Caji)
−1
na∑
j,k=1
(Ca
jk
)−1
if zi ∈ [zal , zar ]
0 if zi /∈ [zal , zar ]
, (17)
where equation (16) was used. Note that for supernovae that
are not binned (the ones belonging to SNe-1), it is Jai = δai.
The binned covariance matrix is then:
Cab = Jai Cij Jbj . (18)
It is important to mention that our binning process uses
the full covariance matrix, which includes systematic and
statistic errors.
Note that in the equations above the bins are not over-
lapping so that the averaging process in a given bin does
not affect the other bins, see equation (16). This is the mo-
tivation for using only the two non-overlapping BOSS mea-
surements of Table 1 so that the supernova bins are also
non-overlapping.
3.3 Binning applied to Pantheon
Now, we apply the method of the previous sections to the
Pantheon dataset. As said earlier, we wish to obtain the
luminosity distance of supernovae at za = zbao, using SNe-2.
In order to achieve the latter we have to find the appropriate
bin [zal , zar ]. The redshift ranges [zbaol , zbaor ] that were used
in the BAO analyses are given in Table 3. We adopt the
following algorithm:
1.We choose zal ' zbaol , where zal is the redshift of the su-
pernova that is closest to zbaol ;
2.We choose the supernova whose redshift zar ∈ [zbaol , zbaor ]
minimizes the cost function f = |za− zbao|. This will give
[za,1l , z
a,1
r ] together with the cost f1.
3.We repeat step 1 by choosing zar ' zbaor and step 2 by
choosing the zal that minimizes |za − zbao|. This will give
[za,2l , z
a,2
r ] together with the cost f2.
4. Choose the bin [zal , zar ] = [za,il , z
a,i
r ] with the lowest cost fi.
Note that this strategy ensures that supernova and BAO
observations probe the same redshift interval, that is, the
same physics. Note that no model was used.
Table 3 shows the result of the algorithm above. One can
note that, as expected, za is not exactly equal to zbao and,
therefore, mBa slightly differs from the desired mBa(zbao).
In order to correct for this small potential bias, we exploit
the phenomenological fact that the distance modulus is well
approximated by a piece-wise linear function of log(z), see
Betoule et al. (2014, Eq. (E.1) and Fig. E.1) and Scolnic
et al. (2018, Fig. 11). We then correct mBa according to:
mBa(zbao) = mBa +
∆mB
∆ log z (log zbao − log za) , (19)
where ∆mB = mB(za) −mB(za+1) and ∆ log z = log za −
log za+1. This relation should be particularly accurate owing
to the fact that |za − zbao|  1. The (negligible) correction
is given in the last column of Table 3. In the following, we
will omit the over-bar in mBa. Similarly, when appropriate,
za will mean zbao.
Finally, in order to validate our binning method, we
have produced, starting from the full Pantheon dataset, a
binned catalog similar to one provided by Scolnic et al.
(2018). In Appendix B we perform a Bayesian analysis of
a wCDM model using the two compressed datasets. The
result shows that the two binned catalogs are indistinguish-
able and provide the same constraints over the cosmological
parameters.
3.4 Calibrating supernovae with BAO
We will now discuss how the calibration of supernovae with
BAO (and vice-versa) is carried out. Using the distance-
duality relation dL = (1+z)2dA, the anisotropic and angular
MNRAS 000, 1–13 (20XX)
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a-th bin BAO range zbao SNe-2 bin range za na mBa mBa(zbao)
1 [0.20, 0.50] 0.38 [0.3088, 0.49737] 0.380059 183 22.19407 22.19366
2 [0.50, 0.75] 0.61 [0.5109, 0.74909] 0.610372 108 23.42215 23.42057
a-th bin [zbaol , z
bao
r ] zbao [zal , z
a
r ] za na mBa mBa(zbao)
1 [0.20, 0.27] 0.235 [0.1998, 0.26828] 0.23496 162 20.99119 20.9915
2 [0.34, 0.39] 0.365 [0.34701, 0.38887] 0.36504 56 22.10539 22.10517
3 [0.44, 0.46] 0.45 [0.44255, 0.4604] 0.44965 10 22.60076 22.60360
4 [0.465, 0.475] 0.47 [0.46664, 0.47572] 0.47064 7 22.77238 22.76838
5 [0.48, 0.50] 0.49 [0.48072, 0.50074] 0.49046 6 22.89645 22.89485
6 [0.505, 0.515] 0.51 [0.50309, 0.51434] 0.5097 9 22.96283 22.96356
7 [0.525, 0.535] 0.53 [0.52278, 0.53378] 0.52962 4 23.01131 23.01307
8 [0.545, 0.555] 0.55 [0.54539, 0.55260] 0.54952 5 23.10485 23.11065
9 [0.565, 0.575] 0.57 [0.56475, 0.56475] 0.56475 1 23.2891 23.2884
10 [0.585, 0.595] 0.59 [0.58873, 0.59185] 0.59032 3 23.28571 23.28203
11 [0.605, 0.615] 0.61 [0.60825, 0.6157] 0.61098 5 23.52225 23.52964
12 [0.625, 0.635] 0.63 [0.62723, 0.63771] 0.63075 6 23.37277 23.36319
13 [0.64, 0.66] 0.65 [0.64364, 0.66206] 0.65046 4 23.62446 23.61859
Table 3. Result of the binning process for the anisotropic BAO data of Table 1 (top) and for the angular BAO data of Table 2 (bottom).
BAO determinations of equations (12–13) can be casted in
terms of the luminosity distance according to:
dαL(zbao) =
αi⊥rd
rfidd
(1 + zbao)2dfidA (zbao) , (20)
dθL(zbao) =
(1 + zbao)rd
θi
(
180◦
pi
)
. (21)
Finally, using equation (2), one can find the apparent mag-
nitude that a supernova Ia would have at d{α,θ}L (zbao):
m
{α,θ}
B (zbao) = 5 log10
[
d
{α,θ}
L (zbao)
1Mpc
]
+ 25 +MB . (22)
We can then directly compare m{α,θ}B (zbao) with the
mBa(zbao) of equation (19).
Equations (3) and (22) describe well our approach. No
fiducial model is assumed and the cosmographic expansion
is only used for the local SNe-1. This means that all informa-
tion at distances greater than ∼ 600 Mpc (redshift z = 0.15)
will go directly in MB .
4 COSMIC LADDER ANALYSES
Here, we will discuss three analyses that can be performed
using the cosmic distance ladder:
1. using only SNe Ia and BAO—rdh calibration,
2. using SNe Ia, BAO and a CMB prior on rd—the inverse
distance ladder,
3. using SNe Ia, BAO and a local astro-prior on MB—the
extended distance ladder.
4.1 SNe + BAO
We have seen in equation (3) thatMB andH0 are completely
degenerated, that is, it is not possible to constrain them
using only (supernova) apparent magnitude data. It is then
useful to rewrite equation (3) as follows:
mcgB = 5 log10
[
czH−10
1 Mpc f(z, q0)
]
+ 25 +MB
= 5 log10
[
cz
100 km/s f(z, q0)
]
+ 25 + MˆB , (23)
where we introduced the new variable MˆB = MB−5 log10 h,
which can be constrained by supernova data.
We can then apply the same change of variable to equa-
tion (22) so that:
m
{α,θ}
B = 5 log10
[
d
{α,θ}
L
rd
]
+ 5 log10
rdh
1Mpc + 25 + MˆB , (24)
where the term d{α,θ}L /rd depends only on {α⊥, θ}. It is then
clear that SNe-1 can constrain MˆB and SNe-2 + BAO can
constrain the combination rdh (Verde et al. 2017).
We will consider a 4-d posterior on the parameters q0,
MˆB , βi, rdh:
P(q0, MˆB , βi, rdh) ∝ Lsne(q0, MˆB , βi, rdh)Lbao(βi) , (25)
where βi represents αi⊥ or θi and we adopted improper flat
priors. The Gaussian distributions L(θ) ∝ e−χ2(θ)/2 are:
χ2bao =
{
βobsi − βi
}
Σ−1β,ij
{
βobsj − βj
}
, (26)
χ2sne =
{
mobsBa − F (za)
}
Σ−1sn,ab
{
mobsBb − F (zb)
}
, (27)
where
F (z) =
{
mcgB (z) 0.023 ≤ z ≤ 0.15
m
{α,θ}
B (z) 0.15 < z
. (28)
Note that Σsn is the supernovae covariance matrix after the
binning process (which includes correlations between SNe-1
and SNe-2), see Section 3. We have also analyzed the case in
which correlations between SNe-1 and SNe-2 are neglected,
see the disjoint distance ladder discussed in Appendix C.
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Finally, we will also use SNe Ia and BAO data to con-
strain the degeneracy between rd and H0, without any prior
on rd or H0. This will offer a useful way to compare our
results with the CMB analysis from Planck 2018 (Aghanim
et al. 2018). To this end we will use:
P(H0, q0,MB , βi, rd)∝Lsne(H0, q0,MB , βi, rd)Lbao(βi),
(29)
where the apparent magnitudes given in equations (3) and
(22) are used.
4.2 SNe + BAO + CMB prior
We now discuss the so-called “inverse distance ladder” (see,
e.g., Macaulay et al. 2019; Feeney et al. 2018b). BAO needs
to be calibrated in order to provide a pure geometrical dis-
tance, that is, a standard ruler. In the distance ladder jar-
gon, we anchor the ladder at CMB via a prior on rd. Here,
we adopt the prior of equation (14). Thanks to this prior,
the degeneracy between H0 and rd is broken so that we can
consider the parameters H0, q0, MB , βi, rd via the 5-d pos-
terior:
P(H0, q0,MB , βi, rd) ∝Lsne(H0, q0,MB , βi, rd)
×Lbao(βi)Lcmb(rd) , (30)
where equations (26) and (27) are used, Lcmb ∝ e−χ2cmb/2
and
χ2cmb =
(robsd − rd)2
σ2d
. (31)
For this analysis the apparent magnitudes given in equa-
tions (3) and (22) are used.
Finally, it is important to note that, although the CMB
prior of equation (14) corresponds to the analysis based on
the ΛCDM model, this does not ensure that the H0 value
that we will obtain is in agreement with CMB determina-
tions, see Macaulay et al. (2019).
4.3 SNe + BAO + astro-prior
As discussed in Section 2.1, in Camarena & Marra (2019)
we showed that it is possible to compress all the local infor-
mation, provided by Cepheids and geometrical distances, in
an informative prior on MB , the astro-prior of equation (1).
Here, we use the astro-prior in order to anchor the dis-
tance ladder at the other extremum, the local universe. In
this case the prior breaks the degeneracy between H0 and
MB and the ladder propagates this calibration via the BAO
measurements into a model-independent determination of
both rd and H0. This is the extended distance ladder.
As in the previous Section, we will consider the param-
eters H0, q0, MB , βi, rd via the posterior:
P(H0, q0,MB , βi, rd) ∝Lsne(H0, q0,MB , βi, rd)
×Lbao(βi)Lastro(MB) , (32)
where the likelihoods are defined according to:
χ2astro =
(M locB −MB)2
σ2B
, (33)
and equations (26) and (27).
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Figure 2. 1- and 2σ marginalized constraints on rd and H0 us-
ing our cosmic distance ladder (only SNe and BAO). Gray for
anisotropic BAO and red for angular BAO. The small ellipses
show the constraints by Planck 2018 (Aghanim et al. 2018): CMB
and CMB+lensing represent results from TT+TE+EE+lowE
and TT+TE+EE+lowE+lensing analyses, respectively. The blue
band shows the local determination of H0 by Riess et al. (2019).
5 RESULTS
We have performed the Bayesian analyses described in the
previous Section. We have sampled the parameter space
with emcee (Foreman-Mackey et al. 2013), an open-source
Markov chain Monte Carlo (MCMC) sampler. In order to
compare directly with CMB constraints, we use the MCMC
chains from the Planck 2018 analysis (Aghanim et al. 2018,
TT+TE+EE+lowE+lensing) available at esa.int/Planck.
Our first result is shown in Figure 2 where we constrain
the correlation direction between rd and H0 using the poste-
rior of equation (29) (only SNe and BAO). Even if it is not
possible to constrain rd and H0, this analysis is useful as,
besides showing the correlation direction, one can compare
directly the distance ladder with Planck 2018. The nega-
tive correlation between rd andH0 indicates that SNe+BAO
data lead to lower (higher) values of rd when H0 is shifted
to higher (lower) values, as it was discussed in Evslin et al.
(2018). We can also see that the SNe+αBAO determination
is consistent with Planck 2018 results, which, however, is in
tension with SNe+θBAO. In order to quantity the tension it
is useful to consider the posterior of equation (25), where
the degeneracy is removed by considering the combination
rdh. The result is given in Figure 3. Using now the Index of
Inconsistency of Lin & Ishak (2017), we find a 4.5σ tension
between Planck 2018 and angular BAO (SNe+θBAO), while
Planck 2018 and anisotropic BAO are in good agreement
(1.7σ tension). See Table 4 for the numerical summary.
Next, we can anchor the cosmic ladder at the CMB
epoch with a prior on rd, that is, we will now consider the
posterior of equation (30). The result is showed in Figure 4.
We do not report results on rd as they are prior dominated.
As expected from the analysis of Figure 2, even if we use
a CMB prior on rd from Planck, still the θBAO data gives
a higher value of H0, in perfect agreement with the local
determination by Riess et al. (2019), but at 4.6σ tension with
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Type of analysis Constraint[Mpc or km/s/Mpc]
Comparison with (Index of Inconsistency)
rdh from
Planck
rd from
Planck
H0 from
Planck
HR190
(SH0ES)
HCM0
(SH0ES)
Section 4.1: SNe+αBAO rdh = 102.56±1.87 1.7σ - - - -
Section 4.1: SNe+θBAO rdh = 109.37±2.09 4.5σ - - - -
Section 4.2: SNe+αBAO + rcmbd H0 = 69.71± 1.28 - - 1.7σ 2.3σ 2.8σ
Section 4.2: SNe+θBAO + rcmbd H0 = 74.36± 1.42 - - 4.6σ 0.2σ 0.6σ
Section 4.3: SNe+αBAO +MB
rd = 135.62± 3.02
H0 = 75.62± 1.69 - 3.8σ 4.7σ 0.7σ 0.02σ
Section 4.3: SNe+θBAO +MB
rd = 144.59± 3.35
H0 = 75.67± 1.69 - 0.7σ 4.7σ 0.7σ 0.004σ
Table 4. Constraints from our cosmic distance ladder according to the three analyses described in Section 4. We compare our results with
the corresponding values from Planck 2018 (TT+TE+EE+lowE+lensing) and the local determinations of H0 given in equations (10-11).
The Planck values are rd = 147.09± 0.26 Mpc, rdh = 99.08± 0.92 Mpc and H0 = 67.36± 0.54 km/s/Mpc.
96 100 104 108 112 116
rdragh
CMB
CMB+lensing
SNe+↵BAO
SNe+✓BAO
Figure 3.Marginalized posterior on rdh from our cosmic distance
ladder (only SNe and BAO). Constraints using anisotropic BAO
(αBAO, gray curve) seem to be in agreement with Planck 2018,
while the ones from angular BAO (θBAO, red curve) show a 4.5σ
discordance with Planck 2018. See Table 4.
the Planck 2018 analysis. On the other hand, using αBAO
we obtain a value of H0 between the value from Planck 2018
and the local determination. See Table 4.
From the posterior of equation (30) we can also obtain
the so-called “CMB-prior” onMB by marginalizing over the
other parameters:
MαB = −19.401± 0.027 MθB = −19.262± 0.030 . (34)
While the prior relative to angular BAO agrees with the
astro-prior of equation (1) at 0.75σ, the one relative to
anisotropic BAO disagrees at the 3.6σ level. Figure 5 shows
the astro-prior together with the CMB-priors.
Finally, we can anchor the cosmic ladder at our present-
day local universe, that is, we will now discuss the posterior
of equation (32), which uses the prior on the supernova ab-
solute magnitude MB that was obtained in Camarena &
Marra (2019). Results are showed in Figure 6 and Table 4.
As expected from the analysis of Figure 2 and the discus-
sion of Section 2.2.1, anisotropic and angular BAO data give
similar constraints on H0, both in agreement with the value
66 69 72 75 78 81 84
H0
CMB
CMB+lensing
SNe+αBAO+r
cmb
drag
SNe+θBAO+r
cmb
drag
H0 local
Figure 4. Marginalized H0 posterior obtained from the analysis
using SNe, BAO and CMB prior on rd. Here, angular θBAO (red
curve) data supports the local determination and are at 4.6σ ten-
sion with the value from Planck 2018. On the other hand, αBAO
(gray curve) gives a value between the Planck 2018 result and the
constraint from the local cosmic distance ladder. See Table 4.
−19.44−19.36−19.28−19.20−19.12−19.04−18.96
MB
SNe+αBAO+r
cmb
drag
SNe+θBAO+r
cmb
drag
Astro prior
Figure 5. Priors on the supernova absolute magnitude MB . The
astro-prior comes from local physics while the CMB-priors from
early-universe physics.
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Figure 6. 1- and 2σ marginalized constraints on rd and H0 when
using SNe, BAO and the astro-prior on MB . The use of the local
astro-prior leads to a higher value of H0 for both BAO cases.
However, the value obtained for rd depends on the BAO data
considered. See Table 4.
Type of analysis Constraint on q0
SNe+αBAO q0 = −1.08+0.29−0.29
SNe+θBAO q0 = −1.11+0.29−0.29
SNe+αBAO + rcmbd q0 = −1.09+0.29−0.29
SNe+θBAO + rcmbd q0 = −1.11+0.29−0.29
SNe+αBAO +MB q0 = −1.08+0.29−0.29
SNe+θBAO +MB q0 = −1.11+0.29−0.29
Table 5. Determination of the deceleration parameter q0 for all
the cases considered in this work. Note that for all cases the stan-
dard ΛCDM value q0 ≈ −0.55 disagrees with the observational
values at the 2σ level.
obtained in Camarena & Marra (2019) and at 4.7σ tension
with the value of the Hubble constant from Planck. On the
other hand, the value obtained for the sound horizon at drag
epoch rd depends on the BAO data used. Angular BAO
data provides an rd in agreement with Planck 2018, but
anisotropic measurements of BAO lead to an rd value that
is at 3.8σ tension with CMB.
The posteriors of the previous analyses all feature the
deceleration parameter q0. We can then obtain and com-
pare the marginalized posteriors on q0. The result is given
in Table 5. It is clear that the analyses give almost the same
q0 constraint, in agreement with the value obtained in Ca-
marena & Marra (2019) (see also Feeney et al. 2018a), where
only SNe Ia and the astro-prior onMB were used. This shows
that the local value of q0 does not depend on how the cosmic
ladder is anchored.
6 COMPARISON WITH PREVIOUS INVERSE
DISTANCE LADDERS
We will now compare our inverse distance ladder of Sec-
tion 4.2 with previous results. The standard way to extend
the cosmic ladder to high-redshift observations is via a cos-
mographic approach (see, e.g., Macaulay et al. 2019; Feeney
et al. 2018b); we call “cosmographic method” this way of
building the comic ladder. As discussed earlier, our method
uses the cosmographic expansion only at low redshifts (z ≤
0.15) and exploits the distance-duality relation for calibrat-
ing BAO and SNe data; we name it the “distance-duality
method.” In Figure 7 we compare the comic ladders built
with the cosmographic and distance-duality method. For the
former, we adopted the method of Feeney et al. (2018b),
considering a cosmographic expansion at second-order that
covers all distances, till z ≈ 2. We have labelled the cos-
mographic method analyses as dA(z,H0, q0, j0) +αBAO and
dA(z,H0, q0, j0)+θBAO for the anisotropic and angular BAO
case, respectively. From Figure 7 one can note that the
cosmographic method gives tighter constraints. This is ex-
pected as a single model is fitted to supernovae both at low
and high redshift. In particular, the degeneracy between H0
and q0 is broken. However, for the very same reason, the
cosmographic method forces correlation between MB , and
so H0, and the shape of the luminosity-distance relation at
0 . z . 2. In other words, MB and H0 depend on physics
beyond the low-redshift local universe, in particular on the
properties of dark energy. This explains why the posteriors
on q0 and H0 differ. In particular, when using the cosmo-
graphic method the posterior on q0 is centered around the
standard model value of ≈ −0.55, in agreement with the
findings of Macaulay et al. (2019). This clearly shows how
high-z supernovae affect the local parameters. Our distance-
duality method does not have this problem as low-redshift
supernovae are used to obtain H0 and q0 and high-redshift
supernovae to calibrate MB with BAO observations via the
distance-duality relation.
In order to further clarify the advantages of our
method, we have performed two more analyses of the case
SNe+αBAO + rcmbd : one fixing the deceleration parameter to
q0 = −0.55 and another one with one of the BAO parame-
ters fixed to unity (α1 = 1). See Figure 8. Fixing q0 affects
the constraint on H0, but not the calibration of MB , which
is calibrated via the distance-duality relation. On the other
hand, fixing α1 = 1 impacts the calibration of MB and to a
smaller degree the determination of H0. This means that the
probes at z > 0.15 directly calibrate the absolute magnitude
MB . High redshift data does not bias our local determina-
tions. This it is also discussed in Appendix C.
7 CONCLUSIONS
We have presented a new method to build the cosmic dis-
tance ladder, going from local astrophysical measurements
to the CMB. Instead of relying on a cosmography in or-
der to model the luminosity distance and calibrate super-
novae with BAO, we exploited the distance-duality relation
dL = (1 + z)2dA—valid if photon number is conserved and
gravity is described by a metric theory. The use of a cosmo-
graphic model forces correlation between H0 and the shape
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Figure 7. 1- and 2σ marginalized constraints on H0, q0, MB and rd when the cosmic ladder is built using the distance-duality method
(SNe+αBAO + rcmbd and SNe+θBAO + r
cmb
d ) and the cosmographic method (dA(z,H0, q0, j0) with αBAO and θBAO). See Section 6.
of the luminosity-distance relation at 0 . z . 2. There-
fore, it does not provide a local determination of H0. Our
approach overcomes these issues as no model is used to cali-
brate supernovae with BAO. Thanks to this, one can directly
identify the role of BAO measurements on the Hubble ten-
sion.
First, using the latest supernova and BAO observations,
we have found that the combination rdh obtained from an-
gular BAO measurements is in tension with the Planck de-
termination at the 4.5σ level. This strong result is rather
robust as no CMB or local data is used. On the other hand,
using the anisotropic BAO measurements we found that rdh
deviates from the Planck result by 1.7σ. This inconsistency
between angular and anisotropic BAO measurements should
be investigated.
The latter inconsistency reflects also on the analysis
that include a CMB prior on rd. The angular BAO con-
straint gives a posterior on H0 in perfect agreement with
the local determination by Riess et al. (2019) but in strong
tension with Planck (4.6σ). When one uses the anisotropic
BAO result one obtains a posterior that lies in the middle
with respect to the local and CMB determination. This is
seen in a clearer way if one looks at the different calibrations
of the supernova absolute magnitude. When using angular
BAO, the calibration ofMB is consistent with the local one,
but when using the anisotropic BAO there is tension.
The third analysis adopts the local astrophysical prior
onMB so that the determinations of H0 are, as expected, in
strong tension with the CMB constraint. However, this time,
the constraint on rd from the angular BAO is in agreement
with CMB and the one from anisotropic BAO in tension at
the 3.8σ level.
Finally, we have found that, for all the cases, local su-
pernovae (z < 0.15) constrain the deceleration parameter to
q0 ≈ −1.10 ± 0.29, which is in tension with the standard
model value (Ωm = 0.3, ΩΛ = 0.7) of q0 = −0.55 at the
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Figure 8. 1- and 2σ marginalized constraints on H0, MB , rd and α2 for three SNe+αBAO + rcmbd analyses: leaving q0 and α1 free (as
in Figure 7, green), fixing q0 = −0.55 and fixing α1 = 1. See Section 6.
2σ level. The same result was obtained from the analysis
of low-redshift supernovae (Camarena & Marra 2019). Note
that within the standard model it must be q0 > −1.
Summarizing, we found a consistently low value of q0
and strong inconsistency between angular and anisotropic
BAO measurements, which are, or not, in agreement with
CMB depending on the kind of analysis. In order to solve
this puzzle, a first step should be clarifying the tension be-
tween angular and anisotropic BAO measurements as this
will help understanding if new physics is required at the pre-
recombination epoch and/or during the dark energy era.
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APPENDIX A: COSMOGRAPHIC EXPANSION
AT THE ORDER O(z3)
The cosmographic expansion is a Taylor expansion on red-
shift z that allows one to write cosmological distances in a
model-independent way. Note, however, that this does not
mean that its parameters do not contain cosmological infor-
mation but rather that the parametrization of the distances
is chosen in a model independent way.
We have used the cosmographic expansion in Sec-
tion 2.2.1 in order to obtain the luminosity distance of SNe Ia
in the range 0.023 < z < 0.15. We adopted a cosmographic
expansion at the order O(z2) because in this redshift range
the weighted error from neglecting the higher-order correc-
tion is only 0.23% (see Camarena & Marra 2019, figure 1).
Nevertheless, in order to assess the impact of this ap-
proximation, we performed the analysis of SNe+αBAO+rcmbd
using the cosmographic expansion at the order O(z3):
f(z, q0)=1 +
1− q0
2 z −
1− q0 − 3q20 + j0
6 z
2 +O(z3), (A1)
where the deceleration parameter q0 and the jerk parameter
j0 are defined according to:
q0 = − a¨(t)
H2(t)a(t)
∣∣∣∣
t0
j0 =
...
a (t)
H3(t)a(t)
∣∣∣∣
t0
. (A2)
65.0 67.5 70.0 72.5 75.0
H0
 4.5
 3.0
 1.5
0.0
1.5
3.0
q 0
m⇤B(z,H0, q0)
m⇤B(z,H0, q0, j0)
Figure A1. 1- and 2σ marginalized constraints on H0 and q0 for
the case SNe+αBAO + rcmbd when using equation (3) (labelled as
m∗B(H0, q0)) and equation (A1) (labelled as m
∗
B(H0, q0, j0)).
The comparison with the O(z2) analysis of equation (3) is
given in Figure A1. The peaks of the distributions basically
coincide, showing the neglecting the third order does not
bias the results. However, the number of supernovae in the
redshift range 0.023 < z < 0.15 is limited and the jerk
parameter is poorly constrained, j0 = 11.80+18.70−37.17. Conse-
quently, also the constraints on H0 and q0 are weakened.
The uncertainty on H0 goes from 1.8% to 2.5%.
APPENDIX B: OUR BINNING METHOD VS
PANTHEON’S BINNING
In order to validate our binning method of Sections 3, we
have produced, starting from the full Pantheon dataset, a
binned catalog similar to one provided by Scolnic et al.
(2018, Appendix A). Here, we perform a Bayesian analysis
of a wCDM model using these two compressed datasets. We
have used Montepython (Audren et al. 2013) and CLASS
(Blas et al. 2011), see Figure B1. The result shows that
the two binned catalogs are indistinguishable and pro-
vide the same constraints over the cosmological parameters.
Note that here MB is not calibrated and degenerated with
log10 H0. We can conclude that the binning process of Sec-
tion 3 is robust and that we do not expect any bias.
APPENDIX C: DISJOINT LADDER
SNe-1 and SNe-2 interact through the absolute magnitude
MB and this cannot bias, for example, the local determi-
nation of H0 via SNe-1. However, H0 could be affected by
the correlations between SNe-1 and SNe-2 present in the
supernova covariance matrix. In order to avoid this possi-
ble issue, we have also investigated the “disjoint” distance
ladder, where correlations between SNe-1 and SNe-2 are ne-
glected. Here, we refer to the cosmic ladder discussed in the
main text as to the “conjoint” distance ladder.
The disjoint distance ladder is built as described in Fig-
ure C1. First, we calibrate MB using SNe-2, BAO data and
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Figure B1. 1- and 2σ marginalized constraints on w0, Ωm and
MB for wCDM model using our binned catalog and Pantheon
binned catalog. The two catalogs produce the same results.
the CMB prior:
P2(MB , αi⊥, rd) ∝ Lsne-2(MB , rd, αi⊥)Lcmb(rd)Lbao(αi⊥) ,
where the likelihoods for BAO and CMB are defined as in
equations (26) and (31). The χ2 function for SNe-2 is defined
according to:
χ2sne-2 =
{
mobsBi −mB(zi)
}
Σ−1sn2,ij
{
mobsBj −mB(zj)
}
. (C1)
Then, we use the marginalized posterior on MB as a prior
for SNe-1:
P1(H0, q0,MB) ∝Lsne-1(H0, q0, j0,MB)
×
∫
P2(MB , αi⊥, rd)drddαi⊥ , (C2)
where the corresponding χ2 function is:
χ2sne-1 =
{
mobsBi −m∗B(zi)
}
Σ−1sn1,ij
{
mobsBj −m∗B(zj)
}
. (C3)
Note that equation (C2) ensures that observables at z > 0.15
are only used to calibrate the supernova absolute magnitude.
In Figure C2 we show the results of the analyses using
the disjoint and conjoint ladders for the case SNe+αBAO +
rcmbd . The two analyses are almost indistinguishable. We
conclude that for present-day data correlations do not im-
pact the analysis.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure C1. Left: Flowchart of the conjoint ladder for the case SNe+αBAO +rcmbd of Section 4.2. The conjoint analysis keeps correlations
between SNe-1 and SNe-2, with the posterior defined by equation (30). Right: Flowchart of the disjoint ladder as described in Appendix C.
In this approach we neglect correlations among SNe-1 and SNe-2 so that only the calibration of MB connects SNe-2 to SNe-1.
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Figure C2. Left: 1- and 2σ marginalized constraints on the parameters relative to SNe-2 for the disjoint and conjoint ladders. Right:
1- and 2σ marginalized constraints on the parameters relative to SNe-1.
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